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Let A be an Archimedean f-algebra and let NðAÞ be the set of all
nilpotent elements of A. Colville et al. [4] proved that a positive
linear map d : A-A is a derivation if and only if dðAÞ  NðAÞ and
dðA2Þ ¼ f0g, where A2 is the set of all products ab in A.
In this paper, we establish a result corresponding to the
Colville–Davis–Keimel theorem for arbitrary derivation d on
Freudenthal almost f-algebras. Moreover, we prove that any
local derivation on a Freudenthal almost f-algebra A, such that
NðAÞ ¼ fa 2 A; a2 ¼ 0g, is a derivation.
& 2009 Elsevier GmbH. All rights reserved.1. Introduction
Let A be an algebra. A linear mapping d : A-A with the property that dðabÞ ¼ adðbÞþdðaÞb for all
a; b 2 A is called a derivation on A. A linear mapping d : A-A is called local derivation on A if for every
element a 2 A there exists a derivation da : A-A (depending on a) such that dðaÞ ¼ daðaÞ. The usual
aim when studying local derivations is to ﬁnd appropriate conditions under which they are in fact
derivations.
In the last decade, several authors [2,4,6,10] have studied the positive derivations on different
archimedean ‘algebras. So far the best result, in this direction, is due to Colville et al. [4] who
showed that if A is an archimedean f-algebra then a positive linear map d : A-A is a derivation if and
only if dðAÞ  NðAÞ and dðA2Þ ¼ f0g, where NðAÞ is the set of all nilpotent elements of A and A2 is the set
of all products ab in A. In particular, if A has no nilpotent element, then the only positive derivationevier GmbH. All rights reserved.
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studied the positive derivations on archimedean almost f-algebras, which are ‘algebras satisfying
the property aþa ¼ 0. Indeed, he showed that if d is a positive derivation on an Archimedean almost
f-algebra A then dðAÞ  NðAÞ and dðA3Þ ¼ f0g, where A3 is the set of all products abc in A. Recently, the
author and Toumi extended the above results to the order bounded derivations on archimedean
almost f-algebras. Surprisingly enough, to the best of our knowledge, no attention has been paid in
the literature to the arbitrary derivations on ‘algebras. In Section 3 of this paper, we investigate
derivations on archimedean Freudenthal almost f-algebras. More precisely, we are mainly concerned
with generalizing the Colville–Davis–Keimel theorem about positive derivations on archimedean f-
algebras to arbitrary derivations on archimedean Freudenthal almost f-algebras.
The concept of local derivations was introduced by Kadison [7] who studied local derivations on
Von Newmann algebras an polynomial algebras. We refer to the introduction of Kadison [7] for
motivations on this concept. In Section 4, we investigate local derivations on archimedean
Freudenthal almost f-algebras. More precisely, we prove that if A is an archimedean Freudenthal
almost f-algebra such that NðAÞ ¼ fa 2 A; a2 ¼ 0g, then every local derivation is a derivation.
We point out that all proofs are purely order theoretical and algebraic in nature and furthermore
do not involve any analytical means. We take it for granted that the reader is familiar with the
notions of vector lattices (or Riesz spaces) and operators between them. For terminology, notations
and concepts that are not explained in this paper, one can refer to the standard monographs
[1,8,9,12].2. Deﬁnitions and notations
In order to avoid unnecessary repetitions we will suppose that all vector lattices and ‘algebras
under consideration are Archimedean.
Let us recall some of the relevant notions. Let A be a vector lattice and let 0ra 2 A. An element
0re 2 A is called a component of a if e4ðaeÞ ¼ 0.
Deﬁnition 1. A vector lattice A is called Freudenthal vector lattice if A satisﬁes the following
property:
If 0rxre holds in A, then there exist positive real numbers a1; . . . ;an and components e1; . . . ; en of
e satisfying x¼P1r irn aiei.
In the following lines, we recall deﬁnitions and some basic facts about lattice-ordered algebras. For
more information about this ﬁeld, one can refer to [1,8,9,12]. A (real) algebra A which is
simultaneously a vector lattice such that the partial ordering and the multiplication in A are
compatible, that is a; b 2 Aþ implies ab 2 Aþ is called lattice-ordered algebra ( brieﬂy ‘2algebra). In an
‘algebra A we denote the collection of all nilpotent elements of A by N(A). An ‘2algebra A is
referred to be semiprime if NðAÞ ¼ f0g. An ‘algebra A is called an f-algebra if A veriﬁes the property
that a4b¼ 0 and cZ0 imply ac4b¼ ca4b¼ 0. Every unital f-algebra (i.e., an f-algebra with a unit
element) is semiprime. The ‘algebra A is called an Almost f-algebra whenever it follows from
a4b¼ 0 that ab¼ 0. The ‘algebra A is said to be a d-algebra whenever a4b¼ 0 in A implies
ac4bc¼ ca4cb¼ 0, for all 0rc 2 A. Any f-algebra is an almost f-algebra and a d-algebra but not
conversely. Almost f-algebras need not be d-algebras and vice versa. An (almost) f-algebra is
automatically commutative. In general, d-algebras are not commutative. A d-algebra which
is commutative is an almost f-algebra. We summarize as follows:
f -algebra ) commutative d-algebra ) almost f -algebra:
We end this section with some deﬁnitions about bilinear maps on vector lattices. Let A and B be
vector lattices. A bilinear map C from A A into B is said to be orthosymmetric if for all ða; bÞ 2 A A
such that a4b¼ 0 implies Cða; bÞ ¼ 0, see [3].
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The present section considers derivations on Freudenthal almost f-algebras. More precisely, we
are mainly concerned with generalizing the Colville–Davis–Keimel theorem about positive
derivations on Archimedean f-algebras to general derivations on Freudenthal almost f-algebras.
The next proposition is an essential ingredient for our main results. It was proved by A. Toumi
et al. in [11]. In order to make this paper self contained we reproduce the proof.
Theorem 1. Let A be a Freudenthal vector lattice and let B be a topological vector space. Then any
orthosymmetric bilinear operator C : A A-B is symmetric.
Proof. Let k; k0 2 A. It follows that k¼ Pi ¼ ni ¼ 1 aiei and k0 ¼
Pj ¼ m
j ¼ 1 bjfj, where ei, fj are components of
e¼ jkjþjk0j. Then
Cðk; k0Þ ¼
X
1r ir n
1r jrm
aibjCðei; fjÞ: ð1Þ
We assume ﬁrst that ei, fj are two components of e such that eir fj, then
e¼ fjþ fjd ¼ eiþeid;
where fj4fjd ¼ ei4eid ¼ 0. Since eir fj, then we get that
0r fjd4eir fjd4fj ¼ 0:
This implies that
fjd4ei ¼ 0:
It follows that
Cðfjd; eiÞ ¼Cðei; fjdÞ ¼ 0:
Consequently
Cðei; fjÞ ¼Cðei; fjÞþCðei; fjdÞ ¼Cðei; eÞ ¼Cðei; eiÞþCðei; eidÞ ¼Cðei; eiÞ ¼Cðei; eiÞþCðeid; eiÞ
¼Cðe; eiÞ ¼Cðfj; eiÞþCðfjd; eiÞ ¼Cðfj; eiÞ: ð2Þ
Now, let ei, fj be two arbitrary components of e. It follows from
ðeiei4fjÞ4ðfjei4fjÞ ¼ 0;
that
Cðeiei4fj; fjei4fjÞ ¼Cðfjei4fj; eiei4fjÞ ¼ 0:
This yields that
Cðei; fjÞþCðei4fj; ei4fjÞ ¼Cðei; ei4fjÞþCðei4fj; fjÞ
and
Cðfj; eiÞþCðei4fj; ei4fjÞ ¼Cðei4fj; eiÞþCðfj; ei4fjÞ:
Observe now that eiZei4fj, fjZei4fj and ei4fj is a component of e. Hence, in view of equality (2), we
have
Cðei; ei4fjÞ ¼Cðei4fj; eiÞ
and
Cðei4fj; fjÞ ¼Cðfj; ei4fjÞ:
That is
Cðei; fjÞ ¼Cðfj; eiÞ:
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Cðk; k0Þ ¼
X
1r ir n
1r jrm
aibjCðei; fjÞ ¼
X
1r ir n
1r jrm
aibjCðfj; eiÞ ¼Cðk0; kÞ:
which gives the desired result. &
The next proposition is an essential ingredient for our main results.
Proposition 1. Let A be a Freudenthal almost f-algebra and let d : A-A be a derivation. Then
dðxÞyz¼ xdðyÞz¼ 0
for all z 2 A and as soon as x4y¼ 0.
Proof. Let d : A-A be a derivation and let x; y 2 A such that x4y¼ 0. Hence xy¼ 0. It follows that
dðxyÞ ¼ dð0Þ ¼ dðxÞyþxdðyÞ ¼ 0. Consequently
ðdðxÞyþxdðyÞÞ2 ¼ ðxdðyÞÞ2þðdðxÞyÞ2þ2xydðxÞdðyÞ ¼ ðxdðyÞÞ2þðdðxÞyÞ2 ¼ 0:
This yields that
ðxdðyÞÞ2 ¼ ðdðxÞyÞ2 ¼ 0:
The rest follows by [5, Theorem 3.9 (i)], which gives the desired result. &
We have gathered now all prerequisites for the proof of our ﬁrst main theorem of this section.
Theorem 2. Let A be a Freudenthal almost f-algebra and let d : A-A be a derivation. Then ðdðxyÞÞ2 ¼ 0
and dðxÞ 2 NðAÞ, for all x; y 2 A.
Proof. Let z 2 A. In view of the above result, we deduce that the following bilinear operator Cz :
A A-A deﬁned by Czðx; yÞ ¼ xDðyÞz, is orthosymmetric. It follows from Theorem 1, that Cz is
symmetric and then
dðxyÞzt¼ xydðzÞt
for all x; y; z; t 2 A. Consequently
dðxyÞzt¼ dðxÞyztþxdðyÞzt¼ 2dðxÞyzt¼ xydðzÞt¼ dðxÞyzt:
Therefore
dðxÞyzt¼ 0
for all x; y; z; t 2 A. In particular, if y¼ z¼ t¼ dðxÞ, we deduce that dðxÞ 2 NðAÞ, for all x 2 A. It remains
to show that ðdðxyÞÞ2 ¼ 0, for all x; y 2 A. Since
ðdðxyÞÞ2 ¼ ðdðxÞyþxdðyÞÞ2 ¼ ðxdðyÞÞ2þðdðxÞyÞ2þ2xydðxÞdðyÞ ¼ x2ðdðyÞÞ2þðdðxÞÞ2y2þ2xydðxÞdðyÞ
for all x; y 2 A. It follows from dðxÞ; dðxÞ 2 NðAÞ, that
x2ðdðyÞÞ2 ¼ ðdðxÞÞ2y2 ¼ 2xydðxÞdðyÞ ¼ 0:
Hence
ðdðxyÞÞ2 ¼ 0
for all x; y 2 A, as required. &
We are now in position to give a generalized Colville–Davis–Keimel version theorem for general
derivations on Freudenthal almost f-algebras. The proof is omitted, since it is similar to the proof of
the above theorem.
Theorem 3. Let A be a Freudenthal almost f-algebra and let d : A-A be a derivation. Then dðxyzÞ ¼ 0 and
dðxÞ 2 NðAÞ, for all x; y; z 2 A.
The following example shows that the converses of the previous theorem is false.
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following multiplication:
ða; bÞ  ða0; b0Þ ¼ ð0; aa0Þ:
A simple veriﬁcation shows that A is a Freudenthal almost f-algebra under the multiplication . Let
d : A-A be the linear map deﬁned by
dðða; bÞÞ ¼ ða;bÞ
ða; bÞ 2 A. It is easy to show that d is not a derivation satisfying dðða; bÞÞ 2 NðAÞ; ðdðða; bÞÞÞ2 ¼ ð0;0Þ and
dðða; bÞða0; b0Þða00; b00ÞÞ ¼ ð0;0Þ, for all ða; bÞ; ða0; b0Þ; ða00; b00Þ 2 A.
Next, we shall broach the problem of ﬁnding necessary and sufﬁcient condition for a general
d : A-A to be a derivation. This will culminate in a second version of the Colville–Davis–Keimel
theorem.
Theorem 4. Let A be a Freudenthal almost f-algebra such that NðAÞ ¼ fa 2 A; a2 ¼ 0g and let d : A-A be a
linear map. Then d is a derivation on A if and only if dðxyÞ ¼ 0 and dðxÞ 2 NðAÞ, for all x; y 2 A.
Proof. By [5, Theorem 3.9 (i)], the ‘‘if’’ part is obvious, only the ‘‘only if’’ part remains to be proven.
Since dðxÞ 2 NðAÞ ¼ fa 2 A; a2 ¼ 0g, then by [5, Theorem 3.9 (i)]
dðxÞy¼ xdðyÞ ¼ 0; x; y 2 A:
It follows that
dðxyÞ ¼ dðxÞyþxdðyÞ ¼ 0; x; y 2 A:
Hence d is a derivation, which gives the desired result. &
In view of the above theorem and by the fact that NðAÞ ¼ fa 2 A; a2 ¼ 0g for any f-algebra A, we can
conclude that the Colville–Davis–Keimel theorem is well generalized for Freudenthal f-algebra. So
the corresponding mimics the previous one.
Corollary 1. Let A be a Freudenthal f-algebra and let d : A-A be a linear map. Then d is a derivation on A
if and only if dðxyÞ ¼ 0 and dðxÞ 2 NðAÞ, for all x; y 2 A.
Corollary 2. Let A be a semiprime Freudenthal f-algebra. Then 0 is the only derivation on A.
Now, our purpose is to establish the result corresponding to the Colville–Davis–Keimel theorem
for derivations on Freudenthal d-algebras. The next proposition is an essential ingredient for our
main result.
Proposition 2. Let A be a d-algebra and let d : A-A be a derivation. Then dðNðAÞÞ  NðAÞ.
Proof. Let x 2 NðAÞ, then axb¼ 0 for all a; b 2 A. It follows that
dðaxbÞ ¼ dðaÞxbþadðxbÞ ¼ dðaÞxbþadðxÞbþaxdðbÞ ¼ 0:
Since x 2 NðAÞ, it follows that dðaÞxb¼ axdðbÞ ¼ 0. Therefore
dðaxbÞ ¼ adðxÞb¼ 0
for all a; b 2 A. Consequently dðxÞ 2 NðAÞ, as required. &
Thus we deduce a generalized Colville–Davis–Keimel version theorem for continuous derivation
on Freudenthal d-algebras.
Theorem 5. Let A be a Freudenthal d-algebra and let d : A-A be a derivation. Then dðxÞ 2 NðAÞ, for all
x 2 A.
Proof. Let x; y; a; b 2 A such that x4y¼ 0. Then xy 2 NðAÞ. Consequently axyb¼ 0. In view of the
above proposition, we have
adðxyÞb¼ adðxÞybþaxdðyÞb¼ 0:
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adðxÞyb¼ axdðyÞb¼ 0:
By using the above result, we deduce that the following bilinear operator Ca;b : A A-A deﬁned by
Ca;bðx; yÞ ¼ axdðyÞb, is orthosymmetric. In view of Theorem 1, we deduce that Cz is symmetric and
then
adðxyÞb¼ axdðyÞb
for all x; y; z; t 2 A. It follows that
adðxyÞb¼ adðxÞybþaxdðyÞb¼ 2adðxÞyb¼ axdðyÞb¼ adðxÞyb:
Hence
adðxÞyb¼ 0
for all a; b; x; y 2 A. In particular if a¼ b¼ y¼ dðxÞ, it follows that dðxÞ 2 NðAÞ, and we are done. &
4. Local derivations on Freudenthal almost f-algebrasLemma 1. Let A be a Freudenthal almost f-algebra and let d : A-A be a local derivation. Then
dðxÞyz¼ dðyÞxz¼ dðzÞxy¼ 0
for all x; y; z 2 A
Proof. Let d : A-A be a local derivation and let a 2 A. It follows that there exists a derivation da on A
such that dðaÞ ¼ daðaÞ. Hence dðaÞ 2 NðAÞ for all a 2 A. By using Theorem 2 and [5, Theorem 3.9 (i)], it
follows that dðxÞyz¼ xdðyÞz¼ 0 for all x; y; z 2 A, as required. &
Lemma 2. Let A be a Freudenthal almost f-algebra and let d : A-A be a local derivation. Then
dðxyÞz¼ dðxzÞy¼ dðyzÞx¼ 0
for all x; y; z 2 A.
Proof. Let d : A-A be a local derivation and let x; y; z 2 A . Since
dðxyÞ ¼ dxyðxyÞ ¼ dxyðxÞyþxdxyðyÞ;
where dxy is a derivation on A depending on xy. By using Theorem 2, we have
ðdðxyÞÞ2 ¼ ðdxyðxyÞÞ2 ¼ 0:
By [5, Theorem 3.9 (i)], it follows that dðxyÞz¼ 0. By using the same argument, we deduce that
dðxyÞz¼ dðxzÞy¼ dðyzÞx¼ 0
for all x; y; z 2 A, which gives the required result. &
Theorem 6. Let A be a Freudenthal almost f-algebra and let d : A-A be a local derivation. Then d in a
N2ðAÞ-derivation that is
dðxyÞdðxÞyxdðyÞ 2 N2ðAÞ;
where N2ðAÞ ¼ fa 2 A; a2 ¼ 0g, for all x; y 2 A.
Proof. Let d : A-A be a local derivation and let x; y 2 A. According to the previous lemmas,
dðxyÞ; dðxÞy; xdðyÞ 2 N2ðAÞ. Therefore dðxyÞdðxÞyxdðyÞ 2 N2ðAÞ, for all x; y 2 A and we are done. &
We have gathered now all prerequisites for the proof of the main result of this section.
Corollary 3. Let A be a Freudenthal almost f-algebra such that NðAÞ ¼N2ðAÞ. Then any local derivation d
on A is a derivation.
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dðxyÞ ¼ dxyðxyÞ ¼ dxyðxÞyþxdxyðyÞ;
where dxy is a derivation on A depending on xy and since dxyðxÞ; dxyðyÞ 2 NðAÞ ¼N2ðAÞ, it follows, by
using [5, Theorem 3.9 (i)] that dxyðxÞyþxdxyðyÞ ¼ 0 and then dðxyÞ ¼ 0.
According to the previous lemmas dðxÞ; dðyÞ 2 NðAÞ ¼N2ðAÞ. So dðxÞy¼ xdðyÞ ¼ 0:
Therefore dðxyÞ ¼ dðxÞyþxdðyÞ ¼ 0, for all x; y 2 A and we are done. &
Corollary 4. Let A be a Freudenthal f-algebra. Then any a local derivation d on A is a derivation.
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